E12-1 (a) Integrate.

U(z) = —/ G2 gy = g2,

oo x? x
(b)y W=U(z) —U(z+d), so
1 1
W = Gm1m2 (5 — m) = Gmlmgm.

E12-2 If d << z then x(z + d) =~ 22, so
mimso

WG d.

2

E12-3| Start with Eq. 12-6.

U(z) = Ulzo)

x
- / F,(x)dx,
xo

—/ (—axe*5w2> dzx,
zo

x

—Q 7ﬁw2

%6

Zo
Finishing the integration,

— g —Bx? _ —pa?
U(x)—U(;l:o)—Fzﬂ(e o—e )
If we choose g = 0o and U(zg) = 0 we would be left with

2

U(r) =— 236751 .

E12-4 AK = —AU so AK = mgAy. The power output is then

(1000 kg /m?)(73, 800 m?)
(60s)

P = (58%) (9.81m/s?)(96.3m) = 6.74x 10°W.

E12-5 AU = -AK, so %ka = %mvg. Then

mv?  (2.38kg)(10.0x 103 /s)
k= — = 1.10x 103N /m.
2 (1.47m)? X 10°N/m

Wow.

E12-6 AU, + AUy = 0, since K = 0 when the man jumps and when the man stops.

AUs = —mgAy = (220 1b)(40.4 ft) = 8900 ft - Ib.

Apply Eq. 12-15,

Kf + Uf = Ki + Ui7
1 2 1 2
§mvf +mgyr = Emvi + mgyi,
1 2 1 2
Ut +g(-r) = 5(0) +9(0).

Rearranging,

vp = \/—2g(—7) = \/—2(9.81m/s2)(—0.236 m) = 2.15m/s.
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E12-8 (a) K = Limv? = 1(2.40kg)(150m/s)? = 2.70x 104,
(b) Assuming that the ground is zero, U = mgy = (2.40kg)(9.81m/s?)(125m) = 2.94x 103J.
(¢) Kt = K; 4 U; since Ug = 0. Then

2.70x 104)) + (2.94x 10°
Uf:\/Q( 70% 1047) + (2.94 OJ):158m/S_

(2.40kg)

Ounly (a) and (b) depend on the mass.

E12-9 (a) Since Ay =0, then AU =0 and AK = 0. Consequently, at B, v = vy.
( tC Kc=Ka+Uyq—Ug, or

%mvcz = %mvoz—i—mgh—mgi,
or
vp = \[vo® +292 = Vo? + gh.
(c) AAD Kp=Ks+Us—Up,or
%va2 = %mvo2 + mgh — mg(0),
or

v = \V Vo2 + 2gh.

E12-10 From the slope of the graph, £ = (0.4N)/(0.04m) = 10N/m.
(a) AK = —AU, so %mva = %k‘xiQ, or

(10N/m)

————(0. =282 .
(0.00380kg)(0 0550 m) 82m/s

v =

(b) AK = —AU, so %mva = %k(miz — x¢?), or

or = \/ m [(0.0550m)2 — (0.0150m)2] = 2.71 m/s.

E12-11| (a) The force constant of the spring is
k=F/x=mg/r = (7.94kg)(9.81m/s?)/(0.102m) = 764 N/m.
(b) The potential energy stored in the spring is given by Eq. 12-8,

1 1
U= ikﬁ = 5(764 N/m)(0.286 m + 0.102m)? = 57.5 J.
(c¢) Conservation of energy,
Ki+Us = K;i+U,

1 1 1 1
§m'Uf2 + mgys + §/€33f2 = EmviQ + mgy; + §kxi2,
1 1 1 1

Rearranging,

: (764N /m)
h= 2= . 2~ 0.738m.
Smg ™l = 2(7.941g)(0.81 mysz) 0388 m)” = 0.738m
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E12-12 The annual mass of water is m = (1000kg/m?)(8 x 10'?m?)(0.75m). The change in
potential energy each year is then AU = —mgy, where y = —500 m. The power available is then

(0.75m)

BERL S =3.2x10"W.
(3.15X107m)(500m) 3.2x107W

1
P= 5(1000 kg/m?)(8 x101%m?)

E12-13 (a) From kinematics, v = —gt, so K = img*t? and U = Uy — K = mgh — img*t%.
(b) U =mgy so K =Uy—U =mg(h —y).

E12-14 The potential energy is the same in both cases. Consequently, mggAyg = mgnAynm, and

then
ym = (2.05m — 1.10m)(9.81 m/s*)/(1.67m/s*) + 1.10m = 6.68 m.

E12-15| The working is identical to Ex. 12-11,

Ke+U;y = K; +Uia
L v + b ke = s+ mgys + sk
Qm'Uf mygys 2 T = 2m'U1 mgyi 9 T,
1 1 1 1
S0 +mgh+ Sk(0)* = (0)* +mg(0) + kai®,
2 2 2 2
% k 2080 N
LI /m) 5 (0.187m)? = 1.92m.
2mg 2(1.93kg)(9.81m/s?)

The distance up the incline is given by a trig relation,

d=h/sinf = (1.92m)/sin(27°) = 4.23 m.

E12-16 The vertical position of the pendulum is y = —lcos#, where 0 is measured from the
downward vertical and [ is the length of the string. The total mechanical energy of the pendulum is

1
E = —muvy?
vab
if we set U = 0 at the bottom of the path and vy, is the speed at the bottom. In this case
U=mg(l+y).

(a) K =E—U = $mvp% — mgl(1 — cos ). Then

v =1/(8.12m/s)? — 2(9.81m/s2)(3.82kg)(1 — cos 58.0°) = 5.54m/s.
(b) U = E — K, but at highest point K = 0. Then

1 (8.12m/s)? o
2(9.81 m/s2)(3.82kg)> = 8310

6 = arccos (1 —
(¢c) E= %(1.33kg)(8.12m/s)2 = 43.8J.

E12-17 The equilibrium position is when F' = ky = mg. Then AU, = —mgy and AU, =
%(ky)y = %mgy. So 2AUs = —AU,.

146



E12-18 Let the spring get compressed a distance x. If the object fell from a height h = 0.436 m,
then conservation of energy gives 2ka? = mg(z + h). Solving for z,

o= T (5 25

only the positive answer is of interest, so

(0.436 m) = 0.111 m.

B (2.14kg)(9.81m/s2)i (2.14kg)(9.81m/s2) \ > 2(2.14kg)(9.81m/82)
T (1860 N/m) < (1860 N /m) ) * (1860 N /m)

E12-19| The horizontal distance traveled by the marble is R = wvt¢, where t¢ is the time of flight
and v is the speed of the marble when it leaves the gun. We find that speed using energy conservation
principles applied to the spring just before it is released and just after the marble leaves the gun.

Ki+U; = Ki+Uy,
1 1
0+ §kx2 = imv2+0.
K; = 0 because the marble isn’t moving originally, and U¢ = 0 because the spring is no longer

compressed. Substituting R into this,

Lo 1 (R ?

—kx*=-m|— ) .

2 2 te
We have two values for the compression, x; and x5, and two ranges, R; and Ry. We can put both
pairs into the above equation and get two expressions; if we divide one expression by the other we

get
i) 2 - R2 2
v1)  \Ri)
We can easily take the square root of both sides, then
r2 _ R
T1 - Rl'
Ry, was Bobby’s try, and was equal to 2.20 — 0.27 = 1.93m. z; = 1.1 cm was his compression. If

Rhoda wants to score, she wants Ry = 2.2m, then

2.2m

1'93ml.1 cm = 1.25 cm.

o =

E12-20 Conservation of energy— U; + K1 = Us + Ko— but Uy = mgh, K1 = 0, and Us = 0, so
Ky = %mfu2 = mgh at the bottom of the swing.

The net force on Tarzan at the bottom of the swing is F' = mv?/r, but this net force is equal to
the tension T minus the weight W = mg. Then 2mgh/r = T — mg. Rearranging,

T = (180 Ib) <% + 1> =241 Ib.

This isn’t enough to break the vine, but it is close.
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E12-21 Let point 1 be the start position of the first mass, point 2 be the collision point, and point
3 be the highest point in the swing after the collision. Then U; = Ks, or %mlvf = mygd, where vq
is the speed of m; just before it collides with my. Then vy = 1/2gd.
After the collision the speed of both objects is, by momentum conservation, vy = myvy/(mi+ms).
Then, by energy conservation, Us = K}, or 3(mq +mz)ve? = (my +ma)gy, where y is the height
to which the combined masses rise.

Combining,
ot mht_(m Y,
29 2(my +m2)?g mi1 + ma '

E12-22 AK = -AU, so

1 1
imUQ + 5[0)2 = mgh,

where = 1M R? and w = v/R. Combining,

1 1
§mv2 + ZM’UQ = mgh,

2
[“dmgh 4(0.0487 kg)(9.81m/52)(0.540m) _ | 45m/s.
2m + M 2(0.0487 kg) + (0.396 kg)

E12-23| There are three contributions to the kinetic energy: rotational kinetic energy of the shell
(K), rotational kinetic energy of the pulley (K}), and translational kinetic energy of the block
(K1). The conservation of energy statement is then

SO

Koi+Kpi+Kpi+Us = Kgp+ Kpr+ Kpg+Us,

1 1 1
(0) + (0) + (0) + (0) —Tw® + ~Towp? + =muy? + mgy.

2 2 2

Finally, y = —h and
wsR = wpr = vy,.

Combine all of this together, and our energy conservation statement will look like this:
1 2 Up 2 1 Ub 2 1
() () (2 o
0 2<3 R) R +2p - +2mvb mg
which can be fairly easily rearranged into

2 2mgh
C2M/3+Ip/r2+m’

vp

E12-24 The angular speed of the flywheel and the speed of the car are related by

w (1490 rad/s)

b=~ (24.0m/s)

= 62.1 rad/m.

The height of the slope is h = (1500m) sin(5.00°) = 131 m. The rotational inertia of the flywheel is

(194N)

1
[=- 22
2(9.81m/s?)

(0.54m)? = 2.88kg - m?.
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(a) Energy is conserved as the car moves down the slope: U; = K¢, or

1 1 1 1
mgh = émv2 + 5](.02 = Emv2 + 5[1{:2112,

9mgh 2(822kg)(9.81 m/s2)(131 m)
=13.3m/s,
m+ Ik (822 kg (2.88kg - m?)(62.1 rad/m)?
or 47.9 m/s.

(b) The average speed down the slope is 13.3m/s/2 = 6.65m/s. The time to get to the bottom
is t = (1500m)/(6.65m/s) = 226s. The angular acceleration of the disk is

_ w _ (13.3m/s)(62.1 rad/m)
Tt (226 5)

or

= 3.65 rad/s”.

(¢) P=1w=ITaw, so

P = (2.88kg - m?)(3.65 rad/s*)(13.3m/s)(62.1 rad/m) = 8680 W.

E12-25 (a) For the solid sphere I = %mrz; if it rolls without slipping w = v/r; conservation of

energy means K; = Us. Then
1 1/2 2
§mv2 + 5 (5mr2> (;) = mgh.

(5.18 m/s)? (5.18 m/s)?
2(9.81m/s2)  5(9.81m/s?)
The distance up the incline is (1.91m)/sin(34.0°) = 3.42m.
(b) The sphere will travel a distance of 3.42 m with an average speed of 5.18m/2, so t =
(3.42m)/(2.59m/s) = 1.32s. But wait, it goes up then comes back down, so double this time to get
2.64 s.
(c) The total distance is 6.84 m, so the number of rotations is (6.84m)/(0.0472m)/(27) = 23.1.

or

h= =1.91m.

E12-26 Conservation of energy means imov? + %IW2 = mgh. But w = v/r and we are told

2
h = 3v%/4g, so

1 5 " 11112 _ 302
M Tt T 4q’
o 3 1 1
I=2(Sm—-m)=-mr?,
4 2 2

which could be a solid disk or cylinder.

We assume the cannon ball is solid, so the rotational inertia will be I = (2/5)M R?
The normal force on the cannon ball will be N = Mg, where M is the mass of the bowling ball.
The kinetic friction on the cannon ball is Fy = upN = pupMg. The magnitude of the net torque on
the bowling ball while skidding is then 7 = uxMgR.
Originally the angular momentum of the cannon ball is zero; the final angular momentum will
have magnitude [ = Iw = Iv/R, where v is the final translational speed of the ball.
The time requires for the cannon ball to stop skidding is the time required to change the angular
momentum to [, so
Al (2/5)MR2U/R 2v
T peMgR  Supg

At =

149



Since we don’t know At, we can’t solve this for v. But the same time through which the angular
momentum of the ball is increasing the linear momentum of the ball is decreasing, so we also have

At — Ap  Mv— Mu 71)071).

- —Fy  —uMyg Iy
Combining,
2v Vg — U
kg kkg
2v = 5(vg—v),
v = 5u/7
2 4
_ 1 3
T X
) 0
0O 1 2 3 4 5 6 0O 1 2 3 4 5 6
x(m) x (m)
E12-28

E12-29 (a) F = —AU/Az = —[(—17J) — (=3J)]/[(4m) — (1m)] =4.7N.
(b) The total energy is 3(2.0kg)(—2.0m/s)? + (=7J), or —3J. The particle is constrained to
move between z = 1m and z = 14 m.

(¢) When x =7Tm K = (—3J) — (—17J) = 14 J. The speed is v = /2(14J)/(2.0kg) = 3.7m/s.

E12-30 Energy is conserved, so

1 2 1 2 +
—Mmvyg = —MMv m
2 0 2 9y,

v=/v} — 29y,

or

which depends only on y.

E12-31| (a) We can find F, and F, from the appropriate derivatives of the potential,

oUu

B o= —55 =k,
ox v
oUu

F, = —2° =y

Yy ay Yy

The force at point (z,y) is then
F=Fi+ ij = —kzi— kyj

(b) Since the force vector points directly toward the origin there is no angular component, and
Fy =0. Then F, = —kr where r is the distance from the origin.
(c) A spring which is attached to a point; the spring is free to rotate, perhaps?
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E12-32 (a) By symmetry we expect Fy, Fy, and F, to all have the same form.
U ke
r (22 + 42 + 22)3/2°
with similar expressions for F} and F,. Then
—k
(22 + 42 + 22)3/2

F, =

f‘:

(zi + 4 + zk).

(b) In spherical polar coordinates r? = 2% + y2 + 22. Then U = —k/r and
ou k

=27
or 72

E12-33 We’ll just do the paths, showing only non-zero terms.
Path 1: W = [7(—ksa) dy) = —ksab.
Path 2: W = ['(—k1b) dz) = —kyab.

Path 3: W = (cos ¢ sin ¢) fod(—kl — ko)rdr = —(k1 + ko)ab/2.
These three are only equal if k1 = k.

P12-1| (a) We need to integrate an expression like

_/Zidz_ i
o (Z+D2 7 241

The second half is dealt with in a similar manner, yielding

k k
U(z) = e
(b) If z > I then we can expand the denominators, then
k k
Ui = 2+l 21

(kK E ki
~ (:-5)-(+3)
2k

52

P12-2 The ball just reaches the top, so Ko = 0. Then K; = Us — Uy = mgL, so v; =

V2(mgL)/m = \/2gL.

P12-3 Measure distances along the incline by x, where £ = 0 is measured from the maximally
compressed spring. The vertical position of the mass is given by xsinf. For the spring k£ =
(268 N)/(0.0233m) = 1.15x 10* N/m. The total energy of the system is

1
5(1.15 x10* N/m)(0.0548 m)? = 17.3 J.

(a) The block needs to have moved a vertical distance zsin(32.0°), where
17.3J = (3.18kg)(9.81 m/s%)x sin(32.0°),

or x = 1.05m.
(b) When the block hits the top of the spring the gravitational potential energy has changed by

AU = —(3.18kg)(9.81 m/s?)(1.05m — 0.0548 m) sin(32.0°) = 16.5, J;
hence the speed is v = 1/2(16.5J)/(3.18 kg) = 3.22m/s.

151



P12-4 The potential energy associated with the hanging part is

0 0
M Mg MgL
U=/ —gydy = —=y° =——,
1 L oL’ |, 32

so the work required is W = MgL/32.

P12-5| (a) Considering points P and () we have

Kp+Up = Kqg+Ug,
(0) +mg(5R) = Jmv? +mg(R),
dmgR = %va,
8gR = .

There are two forces on the block, the normal force from the track,

mv?  m(8gR)
N="
R R

= 8myg,

and the force of gravity W = mg. They are orthogonal so

Fret = V (8mg)2 + (mg) = \/f%mg

and the angle from the horizontal by

tanf = — 9 — —1,
mg 8
or 6 = 7.13° below the horizontal.

(b) If the block barely makes it over the top of the track then the speed at the top of the loop
(point S, perhaps?) is just fast enough so that the centripetal force is equal in magnitude to the
weight,

mvs®/R = mg.

Assume the block was released from point 7. The energy conservation problem is then

Kr+Ur = Kg+Ug,
1
(0) +mgyr = Smv§ +mgys,
1
yr = §(R)+m(2R),
~ 5R/2.

P12-6 The wedge slides to the left, the block to the right. Conservation of momentum requires
Mvuvy, +muy, , = 0. The block is constrained to move on the surface of the wedge, so

Up
tana = 7@7
Ub,z — Uw

or
Ub,y = Ub,z tana(l +m/M).
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Conservation of energy requires

1 1
Zmoy? + §Mvw2 = mgh.

2
Combining,
1m(v 240 )+ M( v )2 = mgh
2 b,z b,y 9 M b,z y
(tan2 a(l—l—m/M)Q—i—l—I—M) vhe? = 2gh,
(sim2 a(M +m)? + M? cos?® o + mM cos a) vhe? = 2M?ghcos®a,
(M2+mM+mMsm a + m?sin a) vbg3 = 2MZ?ghcos® a,
(M +m)(M + msin® a ) vbe® = 2MZghcos®a,
or
2gh
Vp.o = M cosa g ——-
’ (M 4+ m)(M + msin” «)
Then

Vy = —MCOS 29h
v (M 4 m)(M + msin® o)

P12-7 U(z) = — [ F,dx = —Az?/2 — Ba?3/3.
(a) U = —(—3.00N/m)(2.26 m)?/2 — (—5.00 N/m?)(2.26 m)? /3 = 26.9 J.
(b) There are two points to consider:
Uy = —(—3.00N/m)(4.91m)?/2 — (=5.00N/m?)(4.91m)*/3 = 233 ],
Uy = —(—3.00N/m)(1.77m)?/2 — (—=5.00N/m?)(1.77m)?/3 = 13.9J,
K, = %(1.18kg)(4.13 m/s)? = 10.1J.
Then

by \/2(10.1J+233J 13.99) g

(1.18kg)

P12-8 Assume that Uy = Ky = 0. Then conservation of energy requires K = —U; consequently,

29( Y)-
(a) v =1/2(9.81m/s?)(1.20m) = 4.85 m/s.
(b) v=1/2(9.81m/s?)(1.20m — 0.45m — 0.45m) = 2.43m/s.

P12-9| Assume that Uy = Ky = 0. Then conservation of energy requires K = —U; consequently,

2g(—y). If the ball barely swings around the top of the peg then the speed at the top of the
loop is just fast enough so that the centripetal force is equal in magnitude to the weight,

mv?/R = mg.

The energy conservation problem is then

mv® = 2mg(L —2(L —d)) = 2mg(2d — L)
mg(L—d) = 2mg(2d— L),
d = 3L/5.
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P12-10 The speed at the top and the speed at the bottom are related by

1 1
§mvb2 = Emvtz + 2mgR.

The magnitude of the net force is F' = mv?/R, the tension at the top is
T, = mv®/R — myg,

while tension at the bottom is
Ty, = mvp?/R + mg,

The difference is
AT = 2mg + m(vp? — v¢?)/R = 2mg + 4mg = 6mg.

Let the angle # be measured from the horizontal to the point on the hemisphere where
the boy is located. There are then two components to the force of gravity— a component tangent
to the hemisphere, W) = mgcosf, and a component directed radially toward the center of the
hemisphere, W, = mgsin6.

While the boy is in contact with the hemisphere the motion is circular so

mv?/R=W, — N.

2

When the boy leaves the surface we have mv?/R = W, or mv? = mgRsinf. Now for energy

conservation,
K+U = Ky+ U,
1 1
imv2 +mgy = im(())2 + mgR,
1
ggR sinf +mgy = mgR,
L + = R
2y y = )
y = 2R/3.

P12-12 (a) To be in contact at the top requires mv;?/R = mg. The speed at the bottom would
be given by energy conservation

1 1
§mvb2 = imvf + 2mgR,

so vp = v/5gR is the speed at the bottom that will allow the object to make it around the circle
without loosing contact.
(b) The particle will lose contact with the track if mv?/R < mgsin . Energy conservation gives

1 1
§mv8 = imv2 + mgR(1+ sin6)

for points above the half-way point. Then the condition for “sticking” to the track is
1
Ev% —2g(1+sind) < gsiné,

or, if vg = 0.775vV,,
5(0.775)* — 2 < 3sin 6,

or 0 = arcsin(1/3).
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P12-13 The rotational inertia is
1 2 o 4 2
I:§ML + ML :gML .

Conservation of energy is
1
51& =3Mg(L/2),

so w = /9¢g/(4L).

P12-14 The rotational speed of the sphere is w = v/r; the rotational kinetic energy is K, =
110?2 = Lmp?
2 5 ‘

(a) For the marble to stay on the track mv?/R = mg at the top of the track. Then the marble

needs to be released from a point

1 1
mgh = imv2 + gmeQ + 2mgR,

or h=R/2+ R/5+ 2R = 2.7R.

(b) Energy conservation gives

1 1
6mgR = imv2 + gmvz + mgR,

or mv?/R = 50mg/7. This corresponds to the horizontal force acting on the marble.

P12-15 %mv% + mgy = 0, where y is the distance beneath the rim, or y = —r cosy. Then

vy = \/—2gy = \/297"00890.

P12-16 (a) For E; the atoms will eventually move apart completely.
(b) For E the moving atom will bounce back and forth between a closest point and a farthest
point.
(c) U~ —1.2x10719].
(d) K=FE, —U ~22x10719].
(e) Find the slope of the curve, so
(—=1x10719J) — (=2x107197)

~— = —1x107°N
(0.3x10~%m) — (0.2% 10—m) x ’

which would point toward the larger mass.

The function needs to fall off at infinity in both directions; an exponential envelope
would work, but it will need to have an —22 term to force the potential to zero on both sides. So we
propose something of the form

U(z) = P(gc)e_ﬁ’”2

where P(z) is a polynomial in z and ( is a positive constant.
We proposed the polynomial because we need a symmetric function which has two zeroes. A
quadratic of the form ax? — Uy would work, it has two zeroes, a minimum at 2 = 0, and is symmetric.

So our trial function is )

U(z) = (aa® —Up) e 7"
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This function should have three extrema. Take the derivative, and then we’ll set it equal to zero,

i 2ame™P* — 2 (ax2 — UO) ﬂxe*’%z.

Setting this equal to zero leaves two possibilities,

z = 0,
2a—2(am2—Uo)ﬁ = 0.

The first equation is trivial, the second is easily rearranged to give

a+ BUy

==
x o

These are the points +x;. We can, if we wanted, try to find « and [ from the picture, but you
might notice we have one equation, U(z1) = U; and two unknowns. It really isn’t very illuminating
to take this problem much farther, but we could.

(b) The force is the derivative of the potential; this expression was found above.

(c) As long as the energy is less than the two peaks, then the motion would be oscillatory, trapped
in the well.

P12-18 (a) FF = —-0U/0r, or

1
F=-U (T_g + —) e/,
T r

(b) Evaluate the force at the four points:

= —2(Uo/ro)e ",
—(3/4)(Uo/ro)e?,
—(5/16)(Uo/ro)e ™,
—(11/100)(Ug /70)e~1°.

|
=~
N
]
(=)
S— N N
|

The ratios are then

F(2rg)/F(ro) = (3/8)e”! =0.14,
F(4r0)/F(ro) = (5/32)e™® =7.8x1073,
F(10r)/F(r¢) = (11/200)e % =6.8x107°.
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